We observe a new puzzling physical phenomenon in F-theory on the multisection geometry, wherein a model without a gauge group transitions to another model with a discrete Z n gauge group via Higgsing. This phenomenon may suggest an unknown aspect of F-theory compactification on multisection geometry lacking a global section. A possible interpretation of this puzzling physical phenomenon is proposed in this note. We also propose a possible interpretation of another unnatural physical phenomenon observed for F-theory on four-section geometry, wherein a discrete Z 2 gauge group transitions to a discrete Z 4 gauge group via Higgsing as described in the previous literature. These phenomena may suggest that a (discrete) gauge group is enhanced when a multisection splits into multisections of smaller degrees, and/or it splits into a global section and a multisection of smaller degree, in the moduli of multisection geometry.
Introduction
In F-theory formulation [1, 2, 3] , theories are compactified on spaces that admit torus fibration. The modular parameter of an elliptic curve as a fiber of this fibration is identified with the axiodilaton in type IIB superstring; this enables axiodilaton to have SL 2 (Z) monodromy in F-theory formulation.
There are cases in which genus-one fibrations admit a global section, and those in which they do not have a global section. These two cases have different physical interpretations, as we now explain. Genus-one fibrations with a global section are frequently referred to as elliptic fibrations in the F-theory literature. Geometrically, that a genus-one fibration has a global section means that one can choose a point for each elliptic fiber over every point in the base space, and one can move this chosen point throughout the base space, yielding a smooth copy of the base space. Thus, to have a global section implies that one has a copy of the base space embedded in the total elliptic fibration.
F-theory models compactified on elliptic fibrations with a global section have been studied in the literature, e.g., in [4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27, 28, 29, 30, 31] . The number of U (1) factors is identified with the rank of the group generated by the set of global sections [3] , which is known as the "Mordell-Weil group," and the rank of this group is positive when there are two or more independent sections. Therefore, the F-theory model has a U (1) factor when it is compactified on an elliptic fibration with two (or more) independent sections. F-theory models on genus-one fibrations lacking a global section have attracted interest recently, for reasons including the discrete gauge group 1 that arises [47] in this type of Ftheory compactification. A genus-one fibration without a section still admits a multisection, which "wraps around" over the base multiple times. Multisections of "degree" n, or simply "n-sections," are those wrapped around over the base n times and therefore they intersect with the fiber n times. In F-theory on a genus-one fibration with a multisection, the degree of the multisection corresponds to the degree of a discrete gauge group 2 forming in F-theory [47] ; a discrete Z n gauge group arises in F-theory on a genus-one fibration with an n-section. Recent studies of F-theory compactifications on genus-one fibrations without a section can be found, e.g., in [49, 47, 50, 51, 52, 53, 54, 55, 56, 57, 58, 59, 60, 61, 62, 63, 64, 65, 66, 67, 68, 69, 70, 71, 72, 73] 3 .
The aim of this note was to study the transitions in discrete gauge groups forming in Ftheory on the moduli of multisection geometry and, as a result, we point out that we observed a physical phenomenon that might be interesting.
A transition from a discrete Z 2 gauge group to a discrete Z 4 gauge group was discussed in [73] , and it was pointed out there that this appears physically puzzling. The process in which a four-section splits into a pair of bisections, and this pair of bisections further splits into four sheets of global sections, was discussed in [73] . This process has a physical interpretation as U (1) 3 breaking down into a discrete Z 2 gauge group, and this discrete Z 2 gauge group further transitions to a discrete Z 4 gauge group [73] through a Higgsing process, along the lines of the argument as in [47] . The problem here is that, because this process is Higgsing, one would naturally expect a discrete Z 2 gauge group to break down into a discrete gauge group of a smaller degree; however, the opposite to this expectation occurs here. A discrete Z 2 gauge group appears to be "enhanced" to a discrete Z 4 group, rather than breaking down into another discrete gauge group of smaller degree. This was the puzzle raised in [73] .
Our analysis in this study finds that this is not the only puzzling phenomenon that can be observed in F-theory models on the multisection geometry.
We point out a new physical phenomenon that appears unnatural in this note, by studying the structure of the multisection geometry. There are various ways a multisection splits into multisections of smaller degrees. By analyzing these structures, and by considering the physical interpretation of these structures, we observe the new puzzling physical phenomenon.
To be clear, the analysis of splitting of a multisection enables us to observe a transition process wherein an F-theory model that has neither a discrete gauge group nor a U (1) appears to "break down" into another F-theory model with a discrete gauge group via Higgsing. Because an F-theory model transitions to another model with a discrete gauge group via Higgsing in this process, the original model is supposed to possess a larger gauge symmetry than the discrete gauge group that the model has after the transition. However, the original 2 The discrete part of the "Tate-Shafarevich group," which is often denoted as X, of the Jacobian of the compactification space yields a discrete gauge group arising in F-theory compactification [47] . Given a Calabi-Yau genus-one fibration Y , the "Tate-Shafarevich group," X(J(Y )), of the Jacobian J(Y ) can be considered. The discrete part of this Tate-Shafarevich group X(J(Y )) is then identified with the discrete gauge group arising in F-theory on the genus-one fibration Y [48] .
3 F-theory on genus-one fibrations lacking a global section was investigated in [74, 48] . F-theory model appears not to have any gauge group, simply because it does not have either a discrete gauge group or U (1). This observation poses us a question: how should we interpret this transition process, and what is the gauge group that the original model possesses breaking down into a discrete gauge group of another model?
The argument that we use leading to this observation does not depend on the degree of a multisection; the observation generally holds for an F-theory model on any n-section geometry for n ≥ 3. Given a generic F-theory model with a discrete Z n gauge group for any n ≥ 3, one can find some F-theory model without U (1) or a discrete gauge group that undergoes transition to that model.
In addition, we propose a possible physical interpretation that can explain a puzzling phenomenon observed in [73] in which a discrete Z 2 gauge group appears to be "enhanced" to a discrete Z 4 gauge group via Higgsing. This proposed interpretation of a physically unnatural phenomenon hints at a physical interpretation of a puzzling phenomenon wherein an F-theory model without a discrete gauge group or U (1) "breaks down" into another model with a discrete Z n gauge group via Higgsing, which we have just mentioned. We give a description of this puzzling phenomenon in detail in section 2.1. We also discuss a possible interpretation of this puzzling physical phenomenon in section 3.2.
When we propose possible physical interpretations of the phenomena that we have discussed, we also find new open problems. We mention these problems at the end of this study.
At the level of geometry, the arguments we use in this note do not depend on the dimensionality of the space. However, when we consider four-dimensional (4D) F-theory models, the issue of flux [75, 76, 77, 78, 79] 4 arises, and this can make the analysis complicated. To this end, we focus on six-dimensional (6D) F-theory models when we discuss possible physical interpretations of the puzzling phenomena in this study. [93, 94, 95] discussed structures of genus-one fibrations of 3-folds.
Recent studies on building F-theory models have focused on local F-theory models [96, 97, 98, 99] . To discuss the issues of gravity and the issues of early universe such as inflation, however, the global aspects of the geometry need to be studied. The geometries of compactification spaces are analyzed from the global perspective here. This note is structured as follows. In section 2.1, we describe a physically puzzling phenomenon in F-theory on multisection geometry, in which an F-theory model without U (1) or a discrete gauge group appears to "break down" into another F-theory model with a discrete gauge group via Higgsing. We also briefly review the physically unnatural phenomenon pointed out in [73] in section 2.2, wherein a discrete Z 2 gauge group is "enhanced" to a discrete Z 4 gauge group via Higgsing.
In section 3.1, we propose a possible physical interpretation that can explain the unnatural phenomenon discussed in [73] . Making use of this interpretation as a hint, we also propose a physical interpretation of the puzzling phenomenon that we describe in section 2.1 in section 3.2.
We discuss some questions that these interpretations raise and we also discuss open problems in section 4.
2 Transitions in discrete gauge groups in multisection geometry
Puzzling transitions of models with discrete gauge groups
We analyze the splitting process of multisections in the moduli of multisection geometry to observe a physical phenomenon that seems puzzling. As noted in the introduction, this is new and different from the unnatural physical phenomenon pointed out in [73] .
We would like to demonstrate that when we study a certain splitting of an n-section, namely a multisection that intersects with a fiber n times, the analysis leads to a physically puzzling phenomenon.
A generic member of the n-section geometry does not have a global section, and it only contains an n-section as a multisection of the smallest degree. However, when the coefficients of the equation of the genus-one fibration as parameters take special values, so certain polynomials, in the variables of the function field of the base space, plugged into the coordinate variables satisfy the equation of the genus-one fibration, this situation geometrically implies that the genus-one fibration admits a global section [58] . This is because this "solution" specifies a point in each fiber over the base space, yielding a copy of the base.
At this special point in the moduli of n-section geometry where the equation of the genusone fibration admits a "solution" yielding a global section, an n-section splits into a global section and an (n−1)-section. For the case n = 2, a bisection simply splits into a pair of global sections. For n ≥ 3, this process of the splitting of an n-section leads to an interpretation that appears physically puzzling, as we shall shortly show.
A discrete Z n gauge group in F-theory forms on a genus-one fibration with an n-section [47] as mentioned in the introduction. When this n-section splits into a global section and an (n − 1)-section in the moduli, the Mordell-Weil rank of the resulting elliptic fibration is zero. (This is because it only has one independent global section, i.e., the "zero-section.") For this reason, F-theory on the resulting elliptic fibration has neither a discrete gauge group nor U (1). When we view this process from a physical viewpoint, which reverses the geometric process of moving from a genus-one fibration with an n-section to an elliptic fibration with a global section and an (n − 1)-section via the splitting of an n-section in the moduli, an F-theory model without U (1) or a discrete gauge group transitions to another F-theory model with a discrete Z n gauge group via Higgsing, along the lines of the argument as in [47] .
This physical interpretation appears puzzling: the original F-theory model is supposed to possess some gauge group, which breaks down into a discrete Z n gauge group via Higgsing. However, the original F-theory model has neither U (1) nor a discrete gauge symmetry, and we do not see any gauge group that can break down into a discrete Z n gauge group. Although this must be a Higgsing process, it appears a discrete gauge group "emerged from nothing."
We propose a possible interpretation in section 3.2 that might explain this puzzling phenomenon. Before we discuss this interpretation, we review the unnatural physical phenomenon observed in [73] in section 2.2, because this is relevant to the contents in section 3. We also discuss possible explanations for the unnatural phenomenon observed in [73] in section 3.1. An interpretation of the unnatural phenomenon observed in [73] that we describe in section 3.1 gives a hint to interpret the puzzling phenomenon that we have just discussed.
The possible interpretations that we propose in section 3 also yield new questions and open problems. We mention this in section 4.
Before we move on to the next section, we would like to make a remark: if the degree p of a discrete gauge group Z p is prime (forming in F-theory on a genus-one fibration with a p-section), when the p-section splits into multisections of smaller degrees (which are not necessarily global sections), say m-and l-sections, because p is prime and m + l = p, m and l should be coprime. Thus, they in fact generate a global section: whenever the p-section of prime degree splits into multisections of smaller degrees, they generate a global section. (The specific case p = 5 is discussed in [73] . The statement is trivial for p = 2, 3.) For these situations, F-theory on the resulting elliptic fibration generically does not have a U (1) factor because one expects only one independent section for the resulting elliptic fibration and, thus, the Mordell-Weil rank of the elliptic fibration is zero. The physical viewpoint of a p-section of prime degree splitting into multisections of smaller degrees yields a Higgsing process wherein an F-theory model without U (1) or a discrete gauge group transitions to another F-theory model with a discrete Z p gauge group.
Review of transitions in discrete Z 4 gauge group
We review the physically unnatural process discussed in [73] in which an F-theory model with a discrete Z 2 gauge group transitions to another F-theory model with a discrete Z 4 gauge group.
A discrete Z 4 gauge group forms in F-theory on a genus-one fibration with a four-section. The genus-one curve obtained as a complete intersection of two quadric hypersurfaces in P 3 , fibered over any base space, yields a genus-one fibration with a four-section [55, 63, 73] . This genus-one fibration with a four-section is described by the following equation in a general form:
[x 1 : x 2 : x 3 : x 4 ] denotes the coordinates of P 3 , and a i , b j , i, j = 1, . . . , 10, are sections of line bundles of the base space 5 . The Jacobian fibration 6 of this genus-one fibration (1) always exists, the types of the singular fibers and the discriminant locus of which are identical to the genus-one fibration. See, e.g., [49, 73] for the construction of the Jacobian fibration of the genus-one fibration (1) .
For generic values of the parameters a i , b j , the genus-one fibration (1) has a four-section to the fibration, but when the parameters take special values, the four-section splits into a pair of bisections as observed in [63, 73] . For example, four-section splits into a pair of bisections when the parameters take the following values [73] :
(The parameters, a 1 , a 2 , a 4 , a 5 , a 6 , a 7 , a 9 , b 1 , b 2 , b 5 , b 6 , b 7 , remain free.) When further conditions are imposed on the parameters (2), bisections split into global sections 7 . For this special situation, two bisections further split into four sheets of global sections. This process, consisting of two steps, may be expressed concisely as follows:
four-section → bisection + bisection → 4 sheets of global sections.
(
This process can be viewed from a physical viewpoint, which reverses the geometric order, U (1) 3 gauge group in F-theory breaking down into a discrete Z 2 gauge group, and this discrete gauge group further transitions to a discrete Z 4 gauge group, via Higgsing, along the lines of the argument as in [47] . However, a discrete Z 2 gauge group transitions to a discrete Z 4 gauge group in this Higgsing process, and although it is natural to expect that a discrete Z 2 gauge group breaks down into another discrete gauge group of smaller degree, it rather appears "enhanced" to a discrete Z 4 gauge group, which seems physically unnatural. This is the unnatural phenomenon pointed out in [73] . We propose a possible interpretation of this phenomenon in section 3.1. An interpretation that we propose in section 3.1 can be used as a hint to interpret the puzzling phenomenon that we previously discussed in section 2.1. Utilizing an interpretation that we give in section 3.1 as a hint, we propose a possible interpretation of the phenomenon discussed in section 2.1 in section 3.2.
Before we move on to the next section and propose a possible interpretation, we consider a minor variant of the splitting process of a four-section in [73] that we have reviewed. This 5 Certain conditions are imposed on the sections of line bundles, so when the Jacobian fibration is taken, the Weierstrass form of which is given by y 2 = x 3 + f x + g, then the associated divisors [f ], [g] , satisfy [f ] = −4K, [g] = −6K, where K denotes the canonical divisor of the base, to ensure that the total space of fibration is Calabi-Yau, as described in [73] . 6 Construction of the Jacobian fibration of an elliptic curve can be found in [100] . 7 Bisection geometry can always be expressed as a double cover of a quartic polynomial [49, 47] . The coefficients of this quartic polynomial are sections of some line bundles over the base space, and when these coefficients assume special values, the bisection splits into a pair of global sections [47] .
variant will be useful in the next section 3.1 when we discuss a possible interpretation of the physical phenomenon pointed out in [73] that we have just reviewed here.
After a four-section splits into two bisections, we can also consider a process wherein only one of the two bisections splits into a pair of global sections, instead of both bisections splitting into global sections. Concisely, we consider the following splitting process:
four-section → bisection + bisection → 2 sheets of global sections + bisection.
For this case, the fibration on the right extreme in (4) has two independent global sections and the rank of the Mordell-Weil group is one, thus F-theory on this fibration has a U (1) gauge group. In this variant, from a physical viewpoint U (1), instead of U (1) 3 , breaks down into a discrete Z 2 gauge group, and a discrete Z 2 gauge group further transitions to a discrete Z 4 gauge group.
3 Physical interpretations of the puzzles 3.1 An interpretation of the transition from a discrete Z 2 gauge group to a discrete Z 4 gauge group
We propose a physical interpretation of the puzzle pointed out in [73] , namely a physically unnatural phenomenon wherein a discrete Z 2 gauge group appears to be "enhanced" to a discrete Z 4 gauge group via Higgsing. First, we consider in four-section geometry a specific form of complete intersection of two quadric hypersurfaces. The consideration of this example provides a motivation for our interpretation of the puzzle in [73] , which we discuss shortly after we consider the example. We take the specific example as a starting point. We consider the complete intersection of the two quadric hypersurfaces given by the following equations:
As noted in section 2.2, [x 1 : x 2 : x 3 : x 4 ] denotes the homogeneous coordinates of P 3 . Here f, g are sections of line bundles over the base space. This complete intersection can be defined over any base space. The complete intersections of this form (5) were considered in [59, 63, 73] . The form (5) corresponds to a special case of the more general form (1) that we discussed previously, in which a four-section splits into a pair of bisections. Bisections are given by [63] {x 1 = 0, x 2 = ix 4 } and {x 1 = 0, x 2 = −ix 4 }. The Jacobian fibration of the complete intersection (5) is given by [59, 63] 
(By a computation similar to those in [59, 63] , we subtract the second equation times λ as a variable from the first equation, then we arrange the coefficients of the resulting equation into a symmetric 4 × 4 matrix, as
Taking the double cover of the determinant of this matrix, we arrive at the equation (6) . We absorbed the minus sign on the right-hand side by replacing τ with i τ .) This Jacobian fibration can be transformed into the (general) Weierstrass form as [63] 
The discriminant of the complete intersection (5) and the Jacobian fibration (6) is given by
The 7-branes are wrapped on the components of the vanishing locus of the discriminant (8).
The fibers lying over the seven-branes wrapped on the components {f = 0} and {g = 0} are type I 2 , and the fibers lying over the seven-branes wrapped on the components {f g − 1 = 0} and {f g + 1 = 0} have type I 4 . From the general Weierstrass form, it can be confirmed [63] that the type I 4 fibers over the seven-branes wrapped on the components {f g − 1 = 0} and {f g + 1 = 0} are split [101] . At the geometric level, the arguments of this example apply to both 4D and 6D F-theory compactifications. If we consider the physics of the transition of discrete gauge groups in 4D F-theory, however, the structure of the flux also needs to be studied. To this end, we only consider 6D F-theory models here as noted in the introduction.
As we explained previously, the complete intersection (5) is a bisection geometry. The condition where a bisection splits into a pair of global sections for bisection geometry is given in [47] . As described in [49, 47] , a genus-one fibration with a bisection is given by the double cover of a quartic polynomial:
and when the parameter e 4 in the double cover (9) becomes a perfect square, bisection of the genus-one fibration splits into two global sections [47] . We find that the Jacobian (6) of the specific genus-one fibration we consider here has the term
which is a perfect square. Owing to this, one may expect that the Jacobian fibration (6) should have two global sections, and thus it has Mordell-Weil rank one (or higher). However, when we study the structure of the global section more carefully, it turns out that this is not the case, and the Jacobian fibration (6) in fact has only one independent global section.
Let us discuss this point. It was described in [47] that when e 4 is a perfect square, e 4 = b 2 /4, one can rewrite the equation (9) as
and λ = τ ± 1 2 b = 0 yields two global sections. This holds for generic coefficients e 0 , e 1 , e 2 , e 3 , but when e 3 vanishes, e 3 = 0, then these no longer yield two global sections. This is because, when e 3 = 0, equation (11) becomes
and the right-hand side of (12) has the factor λ 2 , instead of just λ as in (11) . When e 3 = 0, the "horizontal" divisor, namely a global section, increases and the Mordell-Weil rank increases to one [47] , but when e 3 = 0, the "vertical" divisor increases instead, and the fibration (12) acquires a type I 2 fiber 8 .
A study of the discriminant of the genus-one fibration also suggests this. Let us provide a demonstration. The discriminant of the double cover of quartic polynomial with e 3 = 0,
is given as The factor b 2 in the discriminant (14) represents a type I 2 fiber along the divisor {b = 0} in the base. In our example e 4 = f 2 and e 3 = 0, and we previously computed that the fibers lying, over the component {f = 0} have type I 2 , agreeing with our analysis. As noted in [47] by a symmetry argument applied to the double cover (9), a bisection splits into a pair of global sections also when e 0 is a perfect square (and e 1 = 0). When e 1 = 0 for this situation, similar to what we have just discussed, the double cover instead acquires a type I 2 fiber. For our example, e 0 = g 2 , and e 1 = 0. We computed previously that the fibers over the component {g = 0} have type I 2 , agreeing with our analysis.
Owing to these arguments, we learn that the Jacobian fibration (6) has only one independent global section and the Mordell-Weil rank is zero 9 . If we consider adding variations to the coefficients a 1 , . . . , a 10 , b 1 , . . . , b 10 , of the complete intersection (5) so the Jacobian has nonzero e 3 while keeping the term e 4 = f 2 in the Jacobian fibration (6) fixed (or the Jacobian has nonzero e 1 while keeping the term e 0 = g 2 fixed) with the condition (2) imposed on the coefficients a 1 , . . . , a 10 , b 1 , . . . , b 10 , we obtain a genus-one fibration with a bisection, the Jacobian fibration of which has two independent sections. Both U (1) and a discrete Z 2 gauge group form in F-theory on this deformed genus-one fibration. The transition from this deformed genus-one fibration to the complete intersection (5) can be physically seen as the reverse of Higgsing in which an SU (2) gauge group breaks down into U (1) [47] . In this sense, the condition on the parameters yielding the complete intersection (5) is more restrictive than the deformed genus-one fibration on which both U (1) and a discrete Z 2 gauge group form.
In bisection geometry contained in the four-section geometry, as the locus where a foursection splits into bisections, the complete intersection (5) and the deformation of this that we have just described have enhanced gauge groups, SU (2) × Z 2 and U (1) × Z 2 , respectively, unlike a generic member of this bisection geometry locus in the four-section geometry in which only a discrete gauge group Z 2 forms. If we consider transitions from a generic point in the four-section geometries to these points with enhanced gauge symmetries, the physical viewpoint yields the transitions of gauge groups from SU (2) × Z 2 or U (1) × Z 2 to a discrete Z 4 gauge group, which gives a natural Higgsing process.
If the same argument applies to general situations, not limited to the specific example that we have just discussed, then the physically unnatural phenomenon pointed out in [73] can admit a seemingly natural physical interpretation. We find a point in the moduli at which the Mordell-Weil rank of the Jacobian fibration of a genus-one fibration with a bisection increases to one. Namely, we try to find a genus-one fibration with a bisection lacking a global section, the Jacobian fibration of which has two global sections. F-theory compactification on this genus-one fibration has both a discrete Z 2 gauge group and U (1) 10 . In most situations in 6D F-theory, this U (1) can be un-Higgsed to SU (2) (or higher) without changing the structure of the base space [47] , and the specific example (5) that we have just discussed precisely corresponds to one of such situations.
We choose to interpret that these "enhanced" models directly transition to an F-theory model with a discrete Z 4 gauge group in the physical process; then U (1) × Z 2 (or SU (n) × Z 2 ) breaks down into a discrete Z 4 gauge group and no apparent contradiction arises. We expect that, in the four-section geometry when a four-section splits into a pair of bisections, bisection geometries with these enhanced symmetries are likely to be chosen, rather than a generic model with a bisection.
There is no clear proof that this should be the correct interpretation, but this interpretation seems to resolve the unnatural transition of the gauge groups in the Higgsing process as as functions over specific base three-fold P 1 × P 1 × P 1 is considered, the complete intersection (5) yields a genus-one fibered Calabi-Yau four-fold analyzed in [63] . Similarly, when the specific case f = g = t as functions over P 1 as a base is considered, the complete intersection (5) yields a genus-one fibered K3 surface analyzed in [59] . The Jacobian fibrations of these spaces have both Mordell-Weil rank zero [59, 63] , agreeing with our analysis here. 10 F-theory models on which both a discrete gauge group and U (1) form were considered, e.g., in [51, 102] .
considered in [73] . This interpretation yields a natural transition of the gauge groups in the process, and this fact provides a motivation for the interpretation. It remains to confirm that the enhancement in gauge symmetry actually occurs generically in bisection geometries locus occurring in the four-section geometry, where a four-section splits into a pair of bisections.
As we noted at the end of section 2.2, we can consider the process in which a four-section splits into a pair of bisections, and one and only one of the two bisections further splits into a pair of global sections. The Mordell-Weil group of the resulting elliptic fibration has rank one when this occurs. One can confirm from a mathematical argument that a similar thing happens for the Jacobian fibrations: given a point in the moduli of bisection geometry, there is a deformation of the Jacobian fibration of the corresponding genus-one fibration to another Jacobian fibration with the Mordell-Weil rank one 11 . The original genus-one fibration of this deformed Jacobian generically does not have a global section (and it has a bisection), thus both U (1) and a discrete Z 2 gauge group arise in F-theory on this genus-one fibration. We learn from this that for a generic genus-one fibration with a four-section, one can find some F-theory model with U (1) × Z 2 gauge group that undergoes transition to F-theory model on that genus-one fibration. This confirms that the enhancement in gauge symmetry indeed occurs generically.
As we remarked previously, in 6D F-theory U (1) arising in F-theory on the genus-one fibration with a bisection can be un-Higgsed to SU (2) in most situations as discussed in [47] .
It might be a possible interpretation that when a four-section splits into a pair of bisections, F-theory on the corresponding bisection geometry "avoids" a generic point, and the points in the bisection geometry on which a discrete gauge symmetry is enhanced (such as U (1) × Z 2 or SU (2) × Z 2 ) are likely to be chosen.
Based on the argument we have just made, next we discuss a possible physical interpretation of the phenomenon we discussed in section 2.1.
Proposal of a solution to transition from a model without U (1)
or discrete gauge group to a model with a discrete Z n gauge group By using a physical interpretation of the unnatural phenomenon pointed out in [73] that we proposed in section 3.1, we discuss a possible interpretation of the puzzle we considered in section 2.1. As observed in section 2.1, in the multisection geometry, an F-theory model without a gauge group transitions to another model with a discrete Z n gauge group via Higgsing. What appears puzzling here is that, although there is supposed to be some gauge group that is breaking down into the discrete Z n gauge group via Higgsing, the discrete Z n gauge group rather appears to arise "from nothing." If there appears to be no gauge group that breaks down into the discrete Z n gauge group, how should we interpret this process? A natural physical interpretation might be that, similar to what we proposed in section 3.1, the model corresponding to the point in the moduli of n-section geometry at which an n-section splits into a global section and an (n − 1)-section deforms to another model with an enhanced gauge symmetry, such as a non-Abelian gauge group or U (1). If so, this allows us to view the process as a non-Abelian gauge group or U (1) breaking down into a discrete Z n gauge group, which is natural.
Given a general multisection (of degree greater than two), the splitting processes of the multisection into a global section and a multisection as an intermediate step, before it finally splits into multiple sheets of global sections, are prevalent in the multisection geometry. Therefore, the puzzling process of an F-theory model without having a gauge group undergoing transition to another model with a discrete Z n gauge group via a Higgsing process inevitably appears in the moduli. Some physical interpretation, such as the one we proposed, seems to be required as a "way out" to avoid this puzzling transition from no gauge symmetry to a discrete Z n gauge symmetry via Higgsing.
The physical interpretation that we proposed is possible when a model with a single global section (with an (n−1)-section) in the moduli of an n-section admits a deformation to another model with two global sections, or a model with a non-Abelian gauge group such as SU (2). This deformation is, in fact, possible for generic 6D F-theory models. Let us provide a sketch of a proof of this.
Similar to the process in which an n-section splits into a global section and an (n − 1)section, one can consider the iteration where the resulting (n − 1)-section splits into a global section and an (n − 2)-section. Putting the two steps together, one can view it as an n-section splitting into two global sections and an (n − 2)-section. The U (1) gauge group arises in F-theory on the resulting elliptic fibration with two global sections. As discussed in [47] , in 6D F-theory this U (1) can be further un-Higgsed to SU (2) in most situations.
Briefly, given a locus in the n-section moduli at which an n-section splits into a global section and an (n−1)-section, a point with two global sections or a point where U (1) is further enhanced to SU (2) can be found. We consider a transition from a generic point in the moduli with an n-section to such points with enhanced gauge symmetries. The physical viewpoint of this reverses the order, and U (1) or SU (2) breaks down into a discrete Z n , yielding a natural Higgsing process of gauge groups. We take this as a physical interpretation of the puzzling phenomenon we observed in section 2.1. This at least provides one natural interpretation of the phenomenon.
Open problems and some remarks
In this note, we have pointed out a new puzzle, which is different from the unnatural phenomenon observed in [73] , by analyzing the splitting process of a multisection into a global section and a multisection of smaller degree; in other words, we observed a phenomenon in which an F-theory model with no U (1) and no discrete gauge group transitions to another F-theory model with a discrete Z n gauge group via Higgsing. Because the original model in this transition does not have a gauge symmetry, a discrete gauge group appears to arise "from nothing" in the Higgsing process, and this appears physically puzzling.
We have proposed a possible interpretation that when an n-section splits into a global section and a multisection of smaller degree, or splits into multisections of smaller degrees, a discrete gauge group in the model corresponding to the point of splitting in the n-section geometry tends to become enhanced to a larger symmetry, and we have argued that this might explain the phenomena observed in this study, and that observed in [73] . If this is true, a gauge group breaks down into a smaller discrete gauge group in the corresponding process, and this yields a natural physical interpretation. There are various ways in which an n-section splits into multisections of smaller degrees. Does our interpretation suggest that when multisection splits, a specific way of splitting of an n-section in the n-section geometry is chosen so the corresponding F-theory model has an enhanced gauge symmetry? It might be interesting to study whether there is any reason that other ways of splitting of multisections are ruled out owing to some physical mechanism, or whether there is a reason that the ways of splitting in which the corresponding model has an enhanced gauge symmetry are favored over other possibilities. This will be a likely direction of future study.
The puzzling physical phenomena we observed in this study and observed in [73] , at the level of geometry, do not depend on the dimensions. However, we only considered 6D Ftheory when we proposed physical interpretations of these phenomena in this note. This is owing to the issue of flux for 4D F-theory: the superpotential generated by flux may alter the arguments that worked without the insertion of a flux, as noted in [47] . Meanwhile, the effect of inserting a flux may explain our proposal that models with enhanced gauge symmetries are chosen in the multisection geometry when a multisection splits into multisections of smaller degrees. It might be interesting to consider this possibility, and this is also a likely direction of future study.
The situation in which a four-section splits into a pair of bisections generalizes to those of multisections of higher degrees. For example, when a multisection has degree a multiple of two, say 2n, we expect that there is a situation in which the 2n-section splits into a pair of n-sections. A multisection of degree 3n splitting into a triplet of n-sections yields another example. From physical viewpoint, an F-theory model with a discrete Z n gauge group transitions to another model with a discrete Z 2n gauge group, and an F-theory model with a discrete Z n gauge group undergoes transition to another model with a discrete Z 3n gauge group, via Higgsing, respectively. These processes also appear puzzling. Does our physical interpretation proposed in section 3.1 also apply to these splitting processes of multisections of higher degrees? Studying these is also a likely target of future study.
